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Abstract

Decision-making under uncertainty is hugely important for any decisions sensitive to per-
turbations in observed data. One method of incorporating uncertainty into making optimal
decisions is through robust optimization, which minimizes the worst-case scenario over some
uncertainty set. We connect conformal prediction regions to robust optimization, providing
finite sample valid and conservative ellipsoidal uncertainty sets, aptly named conformal un-
certainty sets. In pursuit of this connection we explicitly define Mahalanobis distance as a
potential conformity score in full conformal prediction. We also compare the coverage and
optimization performance of conformal uncertainty sets, specifically generated with Ma-
halanobis distance, to traditional ellipsoidal uncertainty sets on a collection of simulated
robust optimization examples.

Keywords: Uncertainty quantification, multi-target regression, prediction regions, stochas-
tic optimization, conformal prediction, constrained optimization.

1. Introduction

In many settings, the act of quantifying uncertainty related to some predicted outcome is
just as important as the prediction itself. Prediction intervals allow for the attachment of
bounds on random variables of interest, that tell us, with a specified probability, where
observations of said random variables could fall. Ideally, we wish to construct a prediction
interval C1−α such that

P (y ∈ C1−α) = 1− α, (1)

where y is our random variable of interest, and α is our desired error rate. In more complex
settings, it might be of interest to capture multiple responses with a specified probability.
Thus, we might construct a prediction region such that (1) holds for C1−α ⊂ Rd and some
d-dimensioned version of y, say y = (y1, . . . , yd)′. Our discussion focuses on generating
finite sample valid and distribution free prediction regions through conformal prediction
(Gammerman et al., 1998; Vovk et al., 2005).

The importance of generating intervals (or regions) to accompany point predictions
cannot be overstated. However, the role of these uncertainty estimates in a decision-
making framework is not always explicit (Reckhow, 1994). While some situations dictate
an intuition-based response to uncertainty, e.g., a person avoiding an object while driving,
other situations might call for a more tangible use of uncertainty estimates, e.g., assessing
potential customer demand for a product (Bertsimas and Thiele, 2006). Multiple decision-
making methods exist which explicitly take into account uncertainty, e.g., utility theory
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(Fishburn, 1968) and risk-based decision-making (Lounis and McAllister, 2016), but in our
discussion we focus on one specific method for incorporating uncertainty into the decision-
making process: robust optimization (Ben-Tal et al., 2009).

Robust optimization allows for the explicit utilization of uncertainty quantification in the
construction of optimal and risk-averse decisions, specifically in a constrained environment.
Formally, a robust optimization formulation generates an optimal solution to the problem,

min
z∈Z

sup
u∈U

c(z, u),

delivering some decision z∗ that minimizes the worst-case of some objective function c(·, ·),
subject to a feasible region Z and an uncertainty set U for random parameters u. The
uncertainty set(s) within a robust optimization formulation are meant to act as “knob” to
adjust the risk-averse nature of a decision, with larger uncertainty sets associated with a
higher degree of risk-aversion.

Given that the uncertainty set is meant to control the risk associated with a random set
of parameters, their construction could benefit from the theoretical results inherent to con-
formal prediction. Thus, we propose a new methodological connection between conformal
prediction and robust optimization. Specific contributions of the paper are listed below:

• We explicitly define Mahalanobis distance as a multivariate conformity score in the full
conformal prediction case. We also generalize Mahalanobis distance to be constructed
in conjunction with any univariate conformity score.

• We introduce conformal uncertainty sets, which provide finite sample valid and dis-
tribution free uncertainty sets within the robust optimization framework.

• We also construct a small robust optimization example as a proof-of-concept for the
use of conformal uncertainty sets, specifically with Mahalanobis distance as our con-
formity score of choice.

Overall, we see that conformal uncertainty sets provide a new avenue for the construction
of uncertainty sets. Additionally, we see from simulated cases that conformal uncertainty
sets are competitive with traditional uncertainty sets.

In Section 2 we discuss relevant background to our work. Section 3 introduces the
conformal approach for generating uncertainty and discusses issues that arise with full
conformal prediction. Section 4 relays empirical results to assess the validity, efficiency, and
overall performance of conformal uncertainty sets. Section 5 concludes the paper.

2. Background

In this section we provide background on relevant topics for this paper. These topics include:
conformal prediction, joint prediction regions and robust optimization.

2.1. Conformal Prediction

Conformal prediction was first introduced in Gammerman et al. (1998) as a method for
quantifying uncertainty in both classification and regression tasks. Vovk et al. (2005) pro-

2



Conformal Uncertainty Sets for Robust Optimization

vides a formalized introduction to conformal prediction as well as application (and associ-
ated theoretical results) in multiple data settings, e.g., online and batch procedures.

We define Dn = {(xi, yi)}ni=1 as a collection of n observations, where the i-th data tuple
(xi, yi) is made up of a covariate vector xi and a response yi. Our goal is to utilize Dn in
some fashion to construct a valid prediction interval for a new observation (x, y), where x
is some known covariate vector and y is some, yet-to-be-observed response. Assuming each
data pair (xi, yi) and (x, y) are drawn exchangeably from some distribution P, conformal
prediction generates conservative, finite sample valid prediction intervals in a distribution-
free manner. Specifically, prediction intervals are generated through the repeated inversion
of the test,

H0 : y = yc

Ha : y 6= yc,

where yc is a potential candidate response value for y, i.e., the null hypothesis (Lei et al.,
2018).

In a prediction setting, the test inversion is achieved by refitting the prediction model
of interest with an augmented data set including a new data tuple (x, yc). Following the
refitting, each observation in the augmented data set receives a (non)conformity score, which
determines the level of (non)conformity between itself and other observations. In general,
a conformity score can be any measurable function. For example, one popular conformity
score is the absolute residual

|yi − ŷi(yc)|,

where ŷi(yc) is the predicted value for yi generated using the augmented data set. While
the prediction ŷi(yc) is dependent on both (x, yc) and Dn, we omit dependence on x and
Dn in our notation.

For each candidate value yc we construct π(yc),

π(yc) =
1

n+ 1
+

1

n+ 1

n∑
i=1

I{ri(yc) ≤ rn+1(yc)}, (2)

where ri(yc) is the conformity score associated with the data pair (xi, yi) and rn+1(yc) is the
conformity score associated with (x, yc). Informally, π(yc) is the proportion of observations
in the augmented data set whose conformity score is less than or equal to the conformity
score associated with candidate value yc.

The conformal prediction region Cconf1−α (x) for the incoming response y is,

Cconf1−α (x) = {yc ∈ R : (n+ 1)π(yc) ≤ d(1− α)(n+ 1)e}.

In order to make the construction of Cconf1−α (x) a tractable problem, each candidate value
yc is chosen from a finite grid of points in R, defined as the set D. With previous results
shown in Vovk et al. (2005) and Lei et al. (2018), Cconf1−α (x) provides a prediction interval
such that

1− α ≤ P (y ∈ Cconf1−α (x)) ≤ 1− α+
1

n+ 1
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for any n. The left-hand side of the inequality holds under exchangeability, while the
right-hand side holds under the additional assumption of unique and continuous conformity
scores. Thus, conformal prediction intervals are conservative, but not too conservative,
while maintaining finite sample validity.

With “full” conformal prediction, each new candidate value for the response associated
with x requires an additional prediction model to be fit using the augmented data set, which
is computationally expensive. An alternative method, dubbed “split” conformal prediction,
utilizes an adjusted approach to full conformal prediction, but reduces the computational
load required, while still achieving the same finite sample results. For clarity, we differentiate
the two methods by specifically referencing them as “full” and “split”, respectively, for the
remainder for the paper.

Under the same assumptions of exchangeability, split conformal prediction only neces-
sitates fitting the model once. The training data set Dn is partitioned into two sets, I1 and
I2. A prediction model is fit using I1 and then conformity scores are generated for each
observation in I2. Then, the prediction interval constructed with split conformal prediction
is

Csplit1−α (x) = [ŷ − s, ŷ + s],

where ŷ is the prediction for y generated using the observations in I1, and s is the d(|I2|+
1)(1− α)e-th largest conformity score value for observations in I2.

A non-exhaustive subset of CP extensions include Mondrian conformal prediction (Boström
and Johansson, 2020), jackknife+ (Barber et al., 2021), aggregated conformal inference
(Carlsson et al., 2014), distributional conformal prediction (Chernozhukov et al., 2019) and
change detection through conformal martingales (Volkhonskiy et al., 2017). Advances to-
wards conditionally valid coverage are discussed in Vovk (2012), Guan (2019) and Barber
et al. (2019), among others. For an extensive (and more recent) review of conformal pre-
diction advances, we point the interested reader to Zeni et al. (2020).

2.2. Joint Prediction Regions

Instead of quantifying uncertainty for individual points, e.g., with prediction intervals, one
might desire to quantify uncertainty for a collection of points. In a marginal sense, we can
use simultaneous prediction intervals to, say, contain a collection of observations with some
probability 1− α. Thus, we might construct an interval Csd,1−α such that,

P (all d observed responses fall in Csd,1−α) = 1− α.

Unfortunately, generating prediction intervals for observations where the distribution is un-
known is not a straightforward task. One method traditionally used to deliver conservative
simultaneous prediction intervals is through the Bonferroni inequality,

P (∩dk=1{response k ∈ Csd,1−α}) ≥ 1−
d∑

k=1

P ({response k 6∈ Csd,1−α}),

which holds regardless of the dependency between responses k = 1, . . . , d (Bonferroni, 1936).
If we construct Csd,1−α such that
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P (response k 6∈ Csd,1−α) = α∗,

where α∗ = α
d , then P (∩dk=1{response k ∈ Csd,1−α}) ≥ 1 − α and we have a conservative,

simultaneous prediction interval.
Obviously, the construction of a single prediction interval to contain a collection of

points only makes sense if the observations are identically distributed. In the case of multi-
target regression, where we are interested in multiple responses, this is not necessarily the
case. Thus, it would be beneficial to construct a prediction region to quantify uncertainty
associated with a collection of responses jointly, rather than marginally.

While many methods exist for generating prediction regions, e.g., bootstrap prediction
regions (Beran, 1992) and Bayesian prediction regions (Datta et al., 2000), our work builds
from results in Scheffé (1959), which introduces a prediction region Cd,1−α for a d×1 vector
of responses y,

Cd,1−α = {y : (y − µ)′Σ−(y − µ) ≤ χ2
d,1−α},

where µ is the mean of the random vector y, Σ− is the inverse-covariance matrix of y and
χ2
d,τ is the τ -th quantile associated with the χ2 distribution with d degrees of freedom. In

practice, the true mean and covariance are usually unknown. Thus, we replace µ and Σ−

with their estimates, µ̂ and Σ̂−, respectively, resulting in a prediction region

Cd,1−α = {y : (y − µ̂)′Σ̂−(y − µ̂) ≤ χ2
d,1−α}, (3)

which is asymptotically valid. Our focus on generating conformal prediction regions in a
similar fashion is purely pragmatic as it supports the connection of conformal prediction
regions to robust optimization, which we provide background on in Section 2.3.

The first results extending conformal prediction to the multivariate response case (to our
knowledge) come from Lei et al. (2015), which applies conformal prediction to functional
data, providing bounds associated with prediction “bands”. Diquigiovanni et al. (2021)
extends and generalizes additional results for conformal prediction on functional data.

The functional case is inherently multidimensional and can be applied to a prediction
region setting, but more focused work on prediction regions also exists. Joint conformal pre-
diction regions were explicitly introduced in Kuleshov et al. (2018) and Neeven and Smirnov
(2018). More recent advances include Messoudi et al. (2020), which delivers Bonferroni-
type prediction intervals through neural networks. Messoudi et al. (2021) extends this work
through the use of copula-based conformal prediction. Cella and Martin (2020) use Tukey’s
half-space depth (Tukey, 1975) as a conformity score for the multivariate response case.
Kuchibhotla (2020) explicitly describes conformal regions for arbitrary spaces, delivering
theoretical results to support the validity of conformal prediction regions in Rd. Cher-
nozhukov et al. (2018) provides valid conformal prediction regions for potentially dependent
data, generalizing the traditional conformal inference assumption of exchangeability.

2.3. Robust Optimization

While real-world decision-making requires simplifying assumptions, the assumption of data
certainty can be a damaging one. When constructing a formulation for an optimization

5



Conformal Uncertainty Sets for Robust Optimization

problem, parameters in the formulation might come from subject matter expertise, historical
data or even physical limitations. However, small perturbations in these values might not
only result in the current solution being suboptimal, but also potentially infeasible (Ben-Tal
and Nemirovski, 2002).

Stochastic optimization (Shapiro et al., 2014) aims to take uncertainties into account
within a decision-making process. For some set of decision variables z, a stochastic opti-
mization problem might take the form,

min
z∈Z

E[c(z, u)],

where Z is the feasible region, c(·, ·) is the objective function, and u = (u1, . . . , ud)
′ is a d×1

vector of random parameters we do not observe until our decision timeline is over. While
not denoted explicitly, the feasible region Z might also depend on u. For our discussion,
we assume Z is independent of the random parameters.

Under the stochastic optimization framework, there are multiple approaches to address
uncertainty. A subset includes chance-constrained programming (Charnes and Cooper,
1959; Miller and Wagner, 1965), sample-average approximation (Kleywegt et al., 2002)
and robust optimization (Ben-Tal et al., 2009; Bertsimas et al., 2011). We limit further
discussion to the latter.

In order to incorporate uncertainty into the optimization framework, robust optimization
(RO) utilizes uncertainty sets on the random parameters, solving the problem,

min
z∈Z

sup
u∈U

c(z, u).

Thus, RO minimizes the potential worst-case outcome with respect to the uncertainty set
U . Uncertainty sets can be constructed in either a naive (without data), or a data-driven
manner. Without observations of the random parameters we can assume interval constraints
associated with each element of u, constructing an uncertainty set Ubox,

Ubox = {u ∈ Rd : uj ∈ [aj , bj ] ∀ j = 1, . . . , d}, (4)

with some lower and upper endpoints, aj and bj , respectively. Barring pathological cases,
the use of Ubox in convex optimization results in each of the uncertain elements obtaining
some boundary value. Given a historical data set of observed uncertain parameters we can
also provide data-driven, norm-based uncertainty sets,

Uq = {u ∈ Rd : ||u− ū||q ≤ Ω}, (5)

where || · ||q is the q-norm, ū is the vector of sample means associated with observations
of the d uncertain parameters, and Ω is some budget of uncertainty. Bertsimas and Thiele
(2006) highlight that data-driven uncertainty sets like (5) outperform “naive” uncertainty
sets like (4). Selecting Uq with q = 2 results in a strictly spherical uncertainty set. Adjusting
the errors u− ū by some matrix A allows for the construction of ellipsoidal uncertainty sets,

Uell = {u ∈ Rd : ||A(u− ū)||2 ≤ Ω}. (6)

For our discussion, we focus our discussion on ellipsoidal uncertainty sets.
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A larger value of Ω corresponds to a more risk-averse decision. Thus, a trade-off exists
between the optimal solution and the “robustness” of said solution. Figure 1 shows examples
of norm-based uncertainty sets constructed with different values for q for a two-dimensional
data set drawn from two independent standard normal random variables.
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Figure 1: Uncertainty set constructed with q = 1 (left) and q = 2 (right) for random
parameters u = (u1, u2)

′ with Ω = 2. Randomly generated observations of u
shown as “•”.

To solidify the intuition behind robust optimization we construct a toy example. Suppose
we have the vector of decision variables z = (z1, z2)

′ and a vector of random parameters
u = (u1, u2)

′. In this case our random parameter vector is some cost and our goal is to
minimize said cost. For this example, we assume u to be multivariate normal with mean
equal to the zero vector and covariance matrix with marginal variance of one and correlation
of 0.5. The robust optimization formulation of interest is,

min
z

sup
u∈U

2∑
k=1

ukzk

subject to z1 + z2 = 1
0 ≤ zk ≤ 1 ∀ k = 1, 2

(7)

where U = {u ∈ R2 : ||L−(u − µ)||2 ≤ 2} and L− is the lower triangular matrix of the
Cholesky decomposition for the inverse-covariance matrix associated with u.

The intuition behind (7) is illustrated in Figure 2. In the left plot we show the feasible
region for z as the dotted line from (0, 1) to (1, 0). Along the feasible region we identify two
sub-optimal feasible solutions at (0.1, 0.9) and (0.9, 0.1) with red plusses. In the right plot
we identify the border of the uncertainty set U with the blue dotted line. We also denote
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Figure 2: Illustration of (7), showing the feasible region (left) and uncertainty set (right).
Sub-optimal decision variables and associated worst-case realizations of random
parameters are labelled with “+” and numbered accordingly. Optimal solution
and minimal worst-case realization labeled with “∗”.

the worst-case value of u for each sub-optimal feasible solution identified in the left plot,
u = (1.15, 1.99)′ and u = (1.99, 1.15)′ respectively, with red plusses. Twenty-five sample
observations of u are also shown. The optimal solution at z∗ = (0.5, 0.5)′, along with the
corresponding worst-case realization, u = (1.73, 1.73)′, are identified with blue asterisks.

Even though most robust optimization problems are inherently more difficult to solve
than, say, linear optimization problems, tractable formulations do exist. Intimate details of
of these tractable implementations are not crucial to our discussion. Additional insight on
robust optimization as well as practical applications can be seen in Bertsimas et al. (2011)
and Gorissen et al. (2015), among others.

3. Conformal Uncertainty Sets for Robust Optimization

Other works, e.g., Bertsimas et al. (2018), Delage and Ye (2010), Chen et al. (2010) and Lu
(2011), have reduced the distributional assumptions required to generate uncertainty sets
with better probabalistic guarantees, but these results still rely on distributional assump-
tions of the data and/or on some large sample requirement.

In this section we explore Mahalanobis distance as a conformity score for multivariate
responses and connect to uncertainty sets for robust optimization. For completeness, we
define and generalize Mahalanobis distance for use in full conformal prediction. In Section
3.2, we shift our focus to split conformal prediction.
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3.1. Conformal Prediction with Mahalanobis Distance

Instead of making assumptions on the normality of our variables of interest and/or if we
have enough observations for large sample approximations, we can use conformal prediction
to generate finite sample, distribution free prediction regions for any set of multivariate
random variables.

3.1.1. Full Conformal Approach

Suppose again we define Dn = {(xi, yi)}ni=1 as a collection of n observations. In this
case, the i-th data tuple (xi, yi) is made up of a covariate vector xi and a response vector
yi = (y1i , . . . , y

d
i )′, which slightly differs from the tuple construction in Section 2.1. We also

assume each data tuple (xi, yi) and our new observation (x, y), where y = (y1, . . . , yd)′, are
drawn exchangeably from some distribution Pd.

The prediction region of interest is one which contains the new response y with proba-
bility 1−α. We define a candidate value vector yc = (y1c , . . . , y

d
c )′ and ŷki (ykc ) as the estimate

of yki , constructed using the augmented data set. Instead of a univariate conformity score,
e.g., the absolute residual for a candidate response value, we can construct a multivariate
conformity score σi(yc),

σi(yc) =

√
ri(yc)′Σ̂−ri(yc), (8)

where ri(yc) = (r1i (y
1
c ), . . . , r

d
i (y

d
c ))′, rki (ykc ) is a univariate conformity score associated with

the k-th response of (xi, yi), and Σ̂− is the sample inverse-covariance matrix associated with
the univariate conformity scores. We ignore the dependence of Σ̂− on yc in notation. We
explicitly define ŷi(yc) = (ŷ1i (yc), . . . , ŷ

d
i (yc))

′ as the vector of d individual predictions for
each element in yi. In our case, for a given observation i = 1, . . . , n we specify rki (yc) =
yki − ŷki (ykc ), the residual associated with the k-th response. However, rki (y) can be generally
defined as any univariate conformity score. We define σ(yc), with no indexing, as the
conformity score associated with (x, yc).

For univariate conformal prediction we utilize a set of candidate values D for each new
observation x. The multivariate case instead requires a set of candidate values Dd ⊂ Rd.
Analogous to (2), we define a new version of π(·) utilizing (8),

π(y) =
1

n+ 1
+

1

n+ 1

n∑
i=1

I{σi(y) ≤ σ(yc)}.

Then, a conservative 100(1− α)% conformal prediction region is formed by

Cconfd,1−α(x) = {y ∈ Rd : (n+ 1)π(y) ≤ d(1− α)(n+ 1)e}. (9)

With rki (ykc ) as defined previously, (8) is the Mahalanobis distance between the vector yi
and ŷi(yc). Thus, the conformal predictions regions generated are analogous to (3). A
similar version of (8) was suggested as a conformity measure for split conformal prediction
in Kuchibhotla (2020). Its explicit definition in full conformal prediction is new, but also
brings an increased computational burden to its use.
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Figure 3: Example of nonconvexity for full conformal prediction region with sample co-
variance of univariate conformity scores. Candidate value vectors such that
(n + 1)π(y) = d(1 − α)(n + 1)e are shown as “•”, which constructs the pre-
diction region border. The convex hull of the candidate points on the border
region are shown in red. Random observations of y = (y1, y2)

′ are denoted with
“+”. We show the entire set of border points for the full conformal prediction
region (left) and a zoomed-in version (right) to highlight nonconvexity.

While it is not obvious, prediction regions generated with the full conformal approach
are not necessarily ellipsoidal (or convex), which can can problems from an optimization
perspective. Ben-Tal et al. (2009) show that in a convex optimization problem, we can
replace any uncertainty set with its convex hull, but we do not explore this further in our
discussion.

3.1.2. Split Conformal Approach

The conformity score identified in (8) can be extended to the split conformal approach.
However, careful consideration must be taken when constructing Σ̂−. Given that split
conformal requires the partitioning of the data set Dn into I1and I2, Kuchibhotla (2020)
suggested the use of Σ̂−I1 , an estimate of the univariate conformity score inverse-covariance
matrix generated from observations in I1.

With the split conformal procedure, we can generate a closed-form for our split conformal
prediction region by using s, the d(1− α)(|I2|+ 1)e largest value of {σi(yc) : i ∈ I2}. With
(8) as our conformity score, we generate a prediction region,
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Csplitd,1−α(x) = {y ∈ Rd : σ(y) ≤ s}, (10)

which is the split conformal equivalent of (9). Because σ(·) is quadratic, Csplitd,1−α(x) is an
ellipsoidal prediction region, with s defining the ellipsoid border. Thus, we can construct
the ellipsoidal prediction region by finding each (x, yc) tuple such that the equality portion
of (10) holds. This differs from the univariate split conformal case, where the prediction
intervals are defined explicitly by observations in I2.

Due to the potential lack of convexity for full conformal prediction regions constructed
with Mahalanobis distance, we utilize the split conformal results for extension to uncertainty
sets in Section 3.2.

3.2. Extension to Uncertainty Sets

For RO, the Ω parameter in (5) and (6) can be chosen by a decision maker, with higher
values of Ω corresponding to higher levels of risk aversion. However, we can also select
Ω in such a way as to obtain probabilistic guarantees associated with the uncertainty set
constructed, e.g., through a joint prediction region constructed under normality. With
reasonable, i.e., consistent, estimates of the true mean and true covariance matrix for u
and Ω selected as the square root of χ2

d,1−α, (3) provides an asymptotically valid ellipsoidal
uncertainty set, as long as normality holds.

In contrast to ellipsoidal uncertainty sets constructed under normality, we can also
generate uncertainty sets with probabalistic bounds through split conformal prediction in
a distribution free manner. While the terms “prediction region” and “uncertainty set”
are normally used in the context of uncertainty quantification and robust optimization,
respectively, they become equivalent in the case of conformal uncertainty sets.

By the results previously discussed, we can provide a finite sample, distribution free
prediction region for u through split conformal prediction. We can then use this region as
a conservative uncertainty set in any robust optimization problem. Specifically, we select Ω
such that d(|I2|+ 1)(1− α)e of the conformity scores constructed from I2 are less than or
equal to Ω, guaranteeing a valid uncertainty set. We formalize the selection of Ω for some
fixed α as,

Ωα = sup
σi(y)
{(xi, yi) ∈ I2 : (|I2|+ 1)π(y) ≤ d(|I2|+ 1)(1− α)e} (11)

where σi(·) is constructed using (8). We require the supremum over σi(·) because we are
looking for the specific value associated with the border of the conformal prediction region,
giving us the effective radius of our ellipsoid, which aligns exactly with the prediction region
constructed in (10). Using Ωα as constructed with (11) allows for ellipsoidal uncertainty
sets of the form,

U = {u ∈ Rd : ||L̂−I2(u− ū)||2 ≤ Ωα}, (12)

where L̂−I2 is the lower triangular matrix of the Cholesky decomposition for the inverse-
covariance matrix associated with the conformity scores of observations in I2. Uncertainty
sets of the form in (12) are easily implementable in currently-existing robust optimization
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solvers. Because (12) is constructed through split conformal prediction, we achieve the finite
sample results associated with conformal prediction and can generate finite sample valid,
distribution free uncertainty sets for robust optimization.

4. Performance Comparison

We compare the efficiency, coverage and performance of conformal uncertainty sets to tra-
ditional ellipsoidal uncertainty sets in a simulated setting, generalizing (7) to d dimensions,

min
z

sup
u∈U

d∑
k=1

ukzk

subject to

d∑
k=1

zk = 1

0 ≤ zk ≤ 1 ∀ k = 1, . . . , d.

Three different uncertainty sets are considered: no uncertainty, ellipsoidal uncertainty un-
der normality, and conformal ellipsoidal uncertainty. We construct a set of experiments
by varying data generation schemes, the number of historical observations of the random
parameter vector u, the significance level α, and the dimension d. The different data gen-
eration schemes include:

• both normally distributed, and t-distributed costs uk

• various random parameter mean-variance scenarios: 1) independent and identically
distributed, 2) independent, but not identically distributed, and 3) correlated

We generate correlated, marginally t-distributed random parameters through the probabil-
ity integral transform of multivariate normal random variable.

For every combination of the data generation schemes above we perform experiments
with varying values for α = 0.05, 0.1, 0.25, 0.5, n = 100, 250, 1000, 2500 and d = 2, 10. For
each instance of an experiment we:

1. Generate both training and test data according to that experiments data generation
scheme and set-up (i.e., choice for α, n, and d).

2. Using the training data we construct our uncertainty sets, and solve the robust opti-
mization model given this training data.

3. The solution of this problem provides an optimal decision variable w.r.t. the training
data. We then calculate objective function values, using this optimal decision, across
the test data set. This generates a distribution of objective function values (one for
each entry in the test data set).

4. We then calculate the 1− α quantile of this distribution and store.

5. We repeat each experiment 100 times, recording the α worst-case costs for each optimal
decision on a test set of 250 random parameter vectors.
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Figure 4 compares the overall robust optimization performance of the three uncertainty
sets of interest in terms of α worst-case performance. We see that while the conformal
uncertainty sets results in α worst-case scenarios comparable to uncertainty sets constructed
under normality, they do not seem to be superior. We also see under mean-variance scenarios
one and two, the non-robust optimization has better worst-case scenario performance than
any of the robust formulations.

Comparisons of empirical coverage for each uncertainty set are shown in Supplementary
Materials. We see the coverage for the conformal uncertainty sets is much closer to nominal
in both the cases of normally distributed and t-distributed random parameter vectors.
While not shown, we also find conformal uncertainty sets to be more efficient than those
constructed under normality.

5. Conclusion

In this paper we showed empirically the effectiveness of the Mahalanobis distance as a
multivariate conformity score, specifically for the use in the generation of uncertainty sets
for robust optimization. Conformal uncertainty sets not only provide finite sample validity,
but are also empirically more efficient than uncertainty sets based on normality. However,
more exploration is needed to assess the poor performance from a robust optimization
perspective. For prediction regions, it is widely accepted that without validity, efficiency
is not informative. Thus, comparing the α worst-case performance of the uncertainty sets
constructed when the coverage of the normality-based prediction regions is not valid, let
alone conservative, is a potentially unfair one. Our comparisons also fail to describe the
potential trade-off between robustness and average performance. Thus, further exploration
is needed to see where conformal uncertainty sets might better perform. Additionally, in the
future we hope to explore performance in a practical setting, rather than just a simulated
one.

In our discussion we chose Mahalanobis distance as our sole conformity score due to the
inherent relationship between itself and traditional ellipsoidal uncertainty sets. However,
another conformity score, referenced in Section 2.1, is half-space depth. With half-space
depth we can decompose a set of points in Rd into a nested set of convex regions (Bremner,
2007), which would be helpful in the construction of polyhedral uncertainty sets. Future work
might compare the performance of conformal uncertainty sets constructed with Mahalanobis
distance and half-space depth.

We focused on a robust optimization problem where there was uncertainty only in the
objective function coefficients. Applying conformal uncertainty sets to more complex robust
optimization formulations, e.g., with uncertainty in the constraints, is a natural extension.
Additionally, utilizing conformal prediction regions to provide probabalistic controls on
constraint violation would also be useful. We also assumed independence of the feasible
region Z and uncertain parameters y. Relaxation of this assumption could be beneficial as
well.

Given the attractiveness of pairing conformal prediction with prediction and classifica-
tion methods, another natural extension would be conformal uncertainty sets for robust
optimization with covariates. One could construct U as a function of a vector of covariates
x,
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Figure 4: α worst-case objective function value across n test cases with 100 experiment
repetitions for normally distributed cost (top) and t-distributed cost (bottom)
with d = 2.
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U(x) = {c ∈ Rd : ||L̂−(u− û)||2 ≤ Ωα},

where û is the prediction for the response vector u given x and L̂− is an estimate of the
lower triangular matrix of the Cholesky decomposition for the inverse-covariance matrix
of u. While conformal uncertainty sets generated with covariate information would still be
valid marginally, additional consideration could be taken to generate locally valid prediction
regions and uncertainty sets. Locally valid prediction regions have recently been explored in
Diquigiovanni et al. (2021) with respect to functional data through the use of a modulation
function.
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programming: modeling and theory. SIAM, 2014.

John W Tukey. Mathematics and the picturing of data. In Proceedings of the International
Congress of Mathematicians, Vancouver, 1975, volume 2, pages 523–531, 1975.

Denis Volkhonskiy, Evgeny Burnaev, Ilia Nouretdinov, Alexander Gammerman, and
Vladimir Vovk. Inductive conformal martingales for change-point detection. In Con-
formal and Probabilistic Prediction and Applications, pages 132–153. PMLR, 2017.

Vladimir Vovk. Conditional validity of inductive conformal predictors. In Asian conference
on machine learning, pages 475–490. PMLR, 2012.

Vladimir Vovk, Alex Gammerman, and Glenn Shafer. Algorithmic learning in a random
world. Springer Science & Business Media, 2005.

Gianluca Zeni, Matteo Fontana, and Simone Vantini. Conformal prediction: a unified review
of theory and new challenges. arXiv preprint arXiv:2005.07972, 2020.

17



Conformal Uncertainty Sets for Robust Optimization

6. Supplementary Materials
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Figure 5: Empirical coverage across n test cases with 100 experiment repetitions for nor-
mally distributed cost (left) t-distributed cost (right) with d = 2.
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Figure 6: Empirical coverage across n test cases with 100 experiment repetitions for nor-
mally distributed cost (left) t-distributed cost (right) with d = 10.
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Figure 7: log of α worst-case objective function value across n test cases with 100 experi-
ment repetitions for normally distributed cost (left) and t-distributed cost (right)
with d = 10.

19


	Introduction
	Background
	Conformal Prediction
	Joint Prediction Regions
	Robust Optimization

	Conformal Uncertainty Sets for Robust Optimization
	Conformal Prediction with Mahalanobis Distance
	Full Conformal Approach
	Split Conformal Approach

	Extension to Uncertainty Sets

	Performance Comparison
	Conclusion
	Supplementary Materials

